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INVARIANT MANIFOLDS

34. The Theory of Kolmogorov—-Arnold—Moser

KAM theory, which proves the existence of many invariant tori for systems close to inte-
grable, is one of the greatest achievements in Hamiltonian dynamics. It has historical roots
going back to Weierstrass who, in 1878, wrote to S. Kovalevski that he had constructed
formal power series for quasi-periodic solutions to the planetary problem. The denomi-
nators of the coefficients of these series involved integer combinations of the frequencies
of rotation of the planets around the sun. These denominators could be close to zero and
hence impede the convergence of the series. Weierstrass advised Mittag-L effler to make this
problem of convergence the subject for a prize sponsored by the king of Sweden. In the
271 pages work (Poincaré (1890)) for which he won the prize, Poincaré does not solve the
problem completely, and his tentative answer to the convergence is negative. In Poincaré
(1899) , he speculates on the possibility of such a convergence, given appropriate number
theoretic conditions, but still deemsit improbable. It was therefore a significant event when
Arnold (1963) (intheanalytic, Hamiltonian context) and Moser (1962) (in thedifferentiable
twist map context) gave, following the ideas of Kolmogorov (1954), a proof of existence of
quasi-periodic orbitson invariant tori filling up a set of positive measure in the phase space.
We can only give here a very limited account of this complex theory, and refer to Moser
(1973) and de la Llave (1993) for introductions as well as Bost (1986) for an excellent
survey and bibliography. There are many KAM theorems, the most applicable ones being
often the hardest ones to even state. We present here arelatively ssmple statement, cited in
Bost (1986).
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Theorem 34.1 (KAM for symplectic twist maps ) Let fo be an integrable symplectic
twist map of T™ x ID™ of the form:

fo(g,p) = (g +w(p),p)

where ID™ is a disk in R"™ and w : D" — IR"™ is C*° (since fy is twist, Dw is
invertible). Let p, be an interior point of ID"™. Suppose that the following condition
18 satisfied:

Diophantine condition: there are positive constants T and c such that:

n n—+1
(34.1) vk € ZN(0}, |3 kiwi(po) + Eura| 2 e | DIk
j=1 7j=1

Then there is a neighborhood W of fo of C*° exact symplectic maps such that, for
each f € W, there exists an embedded invariant torus Ty ~ T" in the interior of
T" x ID™ such that:

(i) Ts is a C*° Lagrangian graph over the zero section,

(i1) f‘Tf is C° conjugated to the rigid translation by w(p),

(11i) T ¢ and the conjugacy depend C*° on f.

Moreover the measure of the complement of the union of the tori T ¢(py) goes to 0

as || f — fol| goes to 0.

Remark 34.2

1) Thediophantine condition (34.1) isshared by alarge set of vectorsinIR". Asan example,
when n = 1, the set of real numbers p € [0, 1] such that | —p/q| > K/q", 7 > 2 for
some K isdensein [0, 1] and has measure going to 1 as K goesto 0.

2) The most common versions of KAM theorems concern Hamiltonian systems with a
Legendre condition. In Chapter 7 we show the intimate relationship of such Hamiltonian
systems with symplectic twist maps It therefore comes as no surprise that KAM theorems
have equivalents in both categories of systems. Note that there are isoenergetic versions of
the KAM theorem for Hamiltonian systems, where the existence of many invariant tori is
proven in a prescribed energy level (see Broer (1996), Delshams & Gutiérrez (19964)).

3) Oneimportant contributionin Moser (1962) was histreatment of thefinitely differentiable
case: he was able to show a version for n = 1 (twist maps) where f, and its perturbation
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areC',1 > 333 instead of analytic. Thiswaslater improvedto! > 3 by Herman (1983) and
in higher dimension n,tol > 2n + 1 (at least if the origina f, isanalytic).

4) Thereisaversion of theKAM for non symplectic perturbations of completely integrable
maps of the annulus, called the Theorem of translated curves, dueto Rissmann (1970). It
statesthat, around aninvariant circlefor f, whoserotation number w satisfiesthediophantine
condition (34.1) (only one j in this case), there exists a circle invariant by ¢, o f for a
perturbation f of fo and t,(z,y) = (z,y + a), which has same rotation number as the
original.

5) Onemay wonder if, among all invariant tori of asymplectic twist map closeto integrable,
the KAM tori are typical. KAM theory says that in measure, they are. However Herman
(19924) (see also Yoccoz (1992)) shows that, for a generic symplectic twist map close to
integrable, there is aresidua set of invariant tori on which the (unique) invariant measure
has a support of Hausdorff dimension 0 (and hence cannot be a KAM torus). Things get
even worse when the differential Dw in Theorem 34.1 is not positive definite: there may
be many invariant tori that project onto, but are not graphs over the O—section, and this for
maps arbitrarily close to integrable (see Herman (1992 b)).

6) KAM theory implies the stability of orbits on the KAM tori, hence stability with high
probability. But in “real situations’ it is impossible to tell, for lack of infinite precision
on the knowledge of initial conditions, whether motion actually takes place on a KAM
torus. Nekhoroshev (1977) provides an estimate of how far a trgjectory can drift in the
momentum direction over long periods of time: If H(q,p) = h(p) + f-(q,p) isared
analytic Hamiltonian function on 7*T" with f. < ¢ (asmall parameter) and h(p) satisfies
a certain condition (steepness) implied by convexity, then there exist constants ¢, Ry, Ty
and a such that, if £ < ¢, one has:

|t < Toexpl(eo/€)*] = [p(t) — P(0)] < Ro(e/€0)".

With a (quasi) convexity condition instead of the steepness condition, Lochak (1992) and
Poshel (1993) showed that the optimal «a is % Delshams & Gutiérrez (1996a) present
unified proofs of the KAM theorem and Nekhoroshev estimates for analytic Hamiltonians.

Whereaswe cannot giveaproof of the KAM theoreminthisbook, thefollowing theorem
(Arnold (1983)) offers asimple model in arelated situation in which the KAM method can
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be applied in alesstechnical way.Thiswill allow usto sketch very roughly the central ideas

of the method.

Theorem 34.3 There exists € > 0 depending only on K,p and o such that, if a is
a 2w —periodic analytic function on a strip of width p, real on the real axis with

a(z) < e on the strip and such that the circle map defined by
fro— a4 2mpu+a(z)
1s a diffeomorphism with rotation number u satisfying the diophantine condition:
ru—mm>5§; Vp/eeQ

then f 1s analytically conjugate to a rotation R of angle 2mwp

Sketch of proof: We seek a change of coordinates H : $' — $' such that:
(34.2) HoR=foH

write H(z) = z + h(z), with h(z + 27) = h(z). Then (34.2) isequivaent to
(34.3) h(z 4 27p) — h(z) = a(z + h(2)).

Since a(z) < e, h must be of order ¢ as well and thus, in first approximation, (34.3) is
equivalent to:

(34.4) h(z +2mp) — h(z) = a(z)

Decomposing a(z) = 3" ape®®™** h(z) = 3 bre'** in their Fourier series and equating
coefficients on both sides of (34.4) we obtain:

a
b = 1
where we see the problem of small divisors arise: the coefficients b, of ~ may become very
bigif u isnot sufficiently rational.

It turns out that, assuming the diophantine condition and using an infinite sequence of
approximate conjugacies given by solutions of (34.4), one obtains sequences h,,, a,, and

corresponding H,,, f, = H, ! o f o H,, which convergeto H, R for some H. The domain
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of h,, and f,, isastrip that shrinkswith n but in acontrollable way. Thisiterative process of
“linear” approximations to the conjugacy can be interpreted as a type of Newton’s method
for the implicit equation F(f, H) = H ' o f o H = R (given f, find H) and inherits the
quadratic convergence of the classical Newton’s method: R — F(f,,, H,) = O(s*") (see
Hasselblat & Katok (1995) Section 2.7.b). O

35. Properties of Invariant Tori

The previous section showed the existence of many invariant tori for symplectic twist maps
close to integrable. These tori are Lagrangian graphs with dynamics conjugated to quasi—
periodic trandations. In dimension 2, the Aubry-Mather theorem gives an answer to the
guestion of what happens to these tori when they break down, eg. in large perturbations of
integrable maps. In higher dimension, Mather’s theory of minimal measure also providesan
answer to that question (see Chapter 9). In this section, we look for properties that invariant
tori may have whether they arise from KAM or not. We will see that certain attributes of
KAM tori (eg. graphswithrecurrent dynamics) imply their other attributes(eg. Lagrangian),
aswell as other properties not usually stated by the KAM theorems (minimality of orbits).

A. Recurrent Invariant Toric Graphs Are Lagrangian

Theorem 35.1 (Herman (1990)) Let T' be an invariant torus for a symplectic twist
map [ of T*T" and suppose f‘T 1s congugated by a diffeomorphism h to a an

irrational translation R on T". Then T is Lagrangian.

Proof. Since the restriction of the symplectic 2-form w[ o IS invariant under f }T and
snceR =h"'o f\T o h, the 2-form h*w|T isinvariant under R. Since R is recurrent,
h*wl|, =Y, ; arjdzy, A dz; must have constant coefficients ay,;. Integrating h*w|,, over
the x;,, =, subtorus yields on one hand ay,;, on the other hand 0 by Stokes' theorem since
h*w|, = dh* )|, isexact. Hence h*w|,, = 0 = w|,. and thetorus T"is Lagrangian. O
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B. Orbits on Lagrangian Invariant Tori Are Minimizers

The following theorem is attributed to Herman by MacKay & a. (1989), whose proof we
reproduce here.

Theorem 35.2 Let T be a Lagrangian torus, C' graph over the zero section of T*T"
which is tnvariant for a symplectic twist map f whose generating function S satisfies
the following superlinearity condition:

S(q,Q)

35.1 m 2\ &)
(35.1) IQ—qll— ||Q — q|

— 400

Then any orbit on T is minimizing.

Note that Condition (35.1) isimplied by the convexity condition (9125(q, Q).v,v) <
—a ||v||* as can easily be seen by the proof of Lemma 27.2.

Proof. SinceT isLagrangian, it isthe graph of the differential of some function plus a
constant 1-form: 7' = dg(T™) + 3 (see 57.4). Change coordinates so that 7' becomes the
zero section: (q,p’) = (g, p — dg(q) — B). If Fy(q,p) = (Q, P), then, in the coordinates
(q,p'),wehave Q' = Q, P’ = P — dg(Q) — 3. Thus apossible generating function is:

R(q,Q) = S(q,Q) + g(q) — 9(Q) + B(qg — Q).

Indeed

—p' =01R(q,Q) = 015(q, Q) + dg(q) + 3
P'=9,R(q,Q) = 9.5(¢,Q) — dg(Q) — B
We now show that R is constant on 7", where it attains its minimum. We first note that:
O R(q.Q) =0+ p=dg(q) + 8+ Q=Iq)
%R(q,Q) =0+ P=dg(Q) -+ Q=1q)

wherel(q) = wo f(q, dg(q)+ ) and 7 isthecanonical projection. Hence R(q, 1(q)) = Ro
isconstant , and DR(q, Q) isnon zero if Q # I(q). Since g is periodic, the superlinearity
of S implies that R is coercive, i.e. lim)g_q|—oc 2(q,Q) — o0. Since R has al its
critical points on 7', it must attain its minimum R,,,;,, there. It is now easy to see that the
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g coordinates q,,, . . ., q;, of any orbit segment on 7" must minimize the action. Indeed, let
Tn,..., T beanother sequence of pointsof T" with q,, = 7, q;, = r. Then:

k—1
W(ry,....,re) =Y _R(rj,ri) +9(ay) — 9(a,) + Bla, — q,,)

j=n

> (k= n)Rumin +9(qy) — 9(q,) + B(a, — q,) = W(qy,---,q;)

Remark 35.3 Arnaud (1989) (see also Herman (1990)) has interesting examples which
show that the condition that the graph be Lagrangian is essential in Theorem 35.2. Consider
the Hamiltonians on T*T? is given by:

1

1
H.(q1,q2,p1,p2) = 5(])1 —ecos(2mq2))® + §p§.

The torus {(q1, g2, € cos(2mq2),0) } is made of fixed points for the corresponding Hamil-
tonian system, but it is not Lagrangian (exercise). A further perturbation G. s(q,p) =
H.(q,p) + dsin(2mq2),0 < 6 < e of these Hamiltonians also provide counterexamplesto
the strict generalization of the Aubry-Mather theorem to higher dimensions. such systems
have no minimizers of rotation vector 0. All the fixed points for the time 1 map have non
trivial elliptic part.

C. Birkhoff’'s Graph Theorem

We now present a theorem of Birkhoff for two dimensiona twist map which shows that
invariant circlesmust begraphs. Thetopol ogical proof wegive, duetoKatznelson & Ornstein
(1997) isinteresting in that it also offers a method of proof for the Aubry-Mather theorem,
which we present in the next subsection. In subsection E, we sketch the generalization to
higher dimensions of the graph theorem by Bialy and Polterovitch.

Theorem 35.4 (Birkhoff) Let f be a twist map of the cylinder A. Then:
(1) (Graph Theorem) Any invariant circle which is homotopic to the circle Cy =

{y =0} is a (Lipschitz) graph over Cj.
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(2) If two invariant circles C— and Cy homotopic to Cy bound a region without
other invariant circles, for any €, there are (uncountably many) orbits going from

e-close to Cx to e-close to Cx.

This theorem was proved as two independent theorems by Birkhoff (1920).

Proof (after Katznelson € Ornstein (1997)). For both (1) and (2), we can assume the
existence of an invariant circle, call it C,.. Take any circle C' which isagraph over Cy and
which liesunder C', . Theimage f(C) of thiscircleby f may not be a graph anymore, but
one can makea pseudograph U f (C') by trimmingit, aprocessthat we denote by U. We now
describe pseudo graphsand thetrimming map. Takeall thepointsof f(C') that can be* seen”
vertically from above. This set formsthe graph of afunction which is continuous except for
at most countably many jump discontinuities. Because of the positive twist condition, these
jumps must always be downward as x increases: if C' is given the rightward orientation, a
vector tangent to C' must avoid the cone ©;, by the ratchet phenomenon (see Lemma 12.1
in Chapter 2). Make acircle out of this graph by adjoining vertical segments at the jumps.
ThisisU f(C'). We call such acurve a right pseudograph: a curve made of the graph of
afunction y = h(x) which is continuous except for downward jump discontinuities (the
limit totheright h(x™) and the left h(xz ™) exist at each point and h(z~) > h(z™)), and by
adjoining to this graph vertical segmentsto close the jumps.

We can apply f to a pseudograph C' and trim it as we did for a graph. Because of
the positive twist condition, the horizontal part of U f(C) is made of images under f of
horizontal parts of C. Given a (right pseudo) graph C', we obtain a sequence of curves
c,=Uuf"c.

Lemma 35.5 C, = lim,,_, 1 sup Cy, @s an f-invariant graph, where limsup is taken

in the sense of functions y = h(x) with the obvious allowance for vertical segments.

Proof. After oneiteration of U f on a(right pseudo) graph C', we get a pseudograph with
a downward modulus of continuity. the ratchet phenomenon and the vertical cutsimplies
that, for any pair of points z and 2’ in the lift of U f(C), 2/ — z isinacone V' of vectors
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(z,y)withy >z ifz < 0andy < dz if x > 0 (see Figure 35.1). Thisimpliesthat C
also has this modulus of continuity, and hence is a pseudograph.

Fig. 35.1. The cone defining the modulus of continuity at a point z of U f(C).

Thereis apartia order on circles homotopic to Cy = {y = 0}: wesay that C' < C" if
C'" isin the closure of the upper component of .4\ C', which we denote by A, (C'). Clearly
f and U preservethis order, and C' < U(C') for any circle C' homotopic to {y = 0}. This
impliesthat " (C) <X U f"(C) < C foradl n,and hence f(C) X Uf(Cx) = Cx. By
areapreservation f(Cw) = Uf(Cx) = Coo.

If Cs werenot agraph, its vertical segmentswould be mapped by f inside A_(C) =
A_(Uf(Cy)),and A_(Cw ) would contain A_(f(Cy,)) asaproper subset. This contra-
dictsthefact that f has zero flux. Hence C', isan f-invariant graph. O

We now finishthe proof of Birkhoff’stheorems. Supposethat f admitsaninvariantcircle
C, homotopic to the zero section Cjy. We show that it is a (Lipschitz) graph. The region
below C, isinvariant. Let C,,,, be the supremum of the invariant graphs in this region
(under the partial order <). By continuity, C,, .. iSaninvariant circlewhich isagraph. But
Proposition 12.3 impliesthat al invariant circlesthat are graphsarein fact Lipschitz graphs
(again, the ratchet phenomenon). If C,,,.. # C., then there exist a (not invariant) graph C
with C),0. < C < C,. Applying the trimming iteration process to C, we get an invariant
(Lipschitz) graph C, with C,,,.. < Cs < C.. This contradicts the maximality of C,,,.-
Hence C, = C,,,4. iSaLipschitz graph.

If f does not admit any invariant circle homotopic to C'. other than the boundaries,
the iteration process performed on any (right) pseudograph must converge to the upper
boundary: wehave C' < U f(C). Since C, C closure(Uf™(C.)), onany graph e close to
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the lower boundary, there is a point whose w-limit set is in the upper boundary. We could
have defined a trimming L of curves homotopic to the boundaries by taking their lower
envelope (the points seen from below) instead of U. Then L(C') isaleft pseudograph and L
preserves the order of circlesand L(C') < C for any curve C' homotopic to the boundaries.
Using lim inf instead of lim sup in the argument above, we get an iteration process L o f
which convergesto an invariant graph, which must be the lower boundary thistime. And on
any graph e close to the upper boundary, there is a point whose w-limit set isin the lower
boundary. O

Remark 35.6 Performing both the U f and L f trimming processes on the same curve C'
yields points that come arbitrarily close to both boundariesin forward time. Thisfact was
proven by Mather (1993) variationally and Hall (1989) topologically. See also LeCalvez
(1990). The results of Mather and Hall are actually sharper. Mather aso finds orbits whose
a-limit setisinoneboundary, thew- limit setinthe same or the other boundary . Hall usesthe
existence of such solutions asymptotic to the boundaries to replace the area preserving con-
dition. Both authorsfind orbits* shadowing” any prescribed sequence of Aubry-Mather sets
inaregion of instability (technically, Hall shadows periodic orbits). It would be interesting
to find a new proof of these results based on the trimming technique used above.

D*. Aubry-Mather Theorem Via Trimming

The above proof of Birkhoff’s theorems appears as an aside in Katznelson & Ornstein
(1997). They also recover the Aubry-Mather theorem with their trimming method. For
this they define, abstractly, a different type of trimming operator, which they call proper
trimming. Under proper trimming, theareabelow acurveispreserved. Themain difficulty is
to show the existence of such an operator. Once the existence is established, one takeslimits
of iterations under the map and the trimming operator. The limit is a pseudograph whose
horizontal parts are forward invariant under f. The Aubry-Mather sets are the intersection
of all the forward images (by the map) of these horizontal parts. Finally, they show the
existence of Aubry-Mather setsof all rotation numbers by applying thistrimming procedure
simultaneously to all the horizontal circlesin the annulus. Fathi (1997) offers some analog
to thisin higher dimension, where he considers a certain semiflow on graphs of differentials
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on cotangent bundles (which are necessarily Lagrangian). In the limit, he recovers the
generalized Aubry-Mather sets of Mather (which are described in Section 49).

E*. Generalizations of Birkhoff’'s Graph Theorem to Higher Dimensions

This section surveys the work of Bialy, Polterovitch and, indirectly, Herman on invariant
Lagrangian tori. It will require from the reader knowledge of material dispersed throughout
the book, and more. Bialy & Polterovitch (1992a) prove the following generalization to
Birkhoff’s Graph Theorem. We explain the terminology in the sequel.

Theorem 35.7 Let F' be the time one map of an optical Hamiltonian system of
T*T"™, and let L be a smooth invariant Lagrangian torus for I which satisfies the
following conditions:

1) L is homologous to the zero section of T*T".

2) F‘L 18 either chain recurrent or preserves a measure which is positive on open
sets.

Then L is a smooth graph (i.e. a section) over the 0-section.

Optical (see Chapter 7) means that the Hamiltonian H istime periodic and convex in
the fiber: H,, is positive definite. Homologous to the zero section means that, together, the
0-section and the invariant torus bound a chain of degreen + 1, presumably some smooth
manifold of dimensionn+ 1 inour case. Asfor Condition 2), it sufficeshereto say that either
chain recurrence or existence of an invariant Borel measures are satisfied when the invariant
torusis of the type exhibited by the KAM theorem, where the map F’ } ;, Isconjugated to an
irrational trangdation. In their paper, the authors use a condition that implies 2), as we show
at the end of this section:

2’) the suspension of F|L admits no transversal codimension 1 cocycle homologous
to zero.

Thistheorem isaculmination of efforts by these authors, aswell as by Herman (1990) who
gives a perturbative version of this result aswell as some important Lipschitz estimates for
invariant Lagrangian tori. Wenow give avery rough ideaof the proof of Theorem 35.7. First
reduce the theorem to the case of an autonomous Hamiltonianon 7T" ! by viewingtimeas
anextra$' dimension, with the energy asits conjugate momentum (extended phase space).
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Assume by contradiction that the invariant torus L is not a graph. Consider the set S(L)
of critical points of the projection 7r\ ;- Generically, S(L) consists of ann — 1 dimension
submanifold of L whose boundary is of dimension no more than n — 3. Assume we arein
the generic case. Then S(L) can be cooriented by the flow: the Hamiltonian vector field is
transverse to it on the invariant torus. This makes S(L) acocycle, i.e. arepresentative of a
cohomology class of the torus. It turns out that this conomology classis dual to the Maslov
class of thetorus L. [The Maslov class of L isthe pull-back of the generator of H'(A(n))
by the Gauss map, where A(n) isthe (Grassmanian) space of al Lagrangian planesin IR*".
Prosaically, thismeansthefollowing: the oriented intersection of S(L) with any closed
curve on L counts how many “turns” the Lagrangian tangent space of L makes
along the curve. We explain that a little. The number of turns can be made quite precise
because A(n) hasone“hole” around which Lagrangian spaces can turn (H,(A(n)) = Z)].
S(L) istheset of pointson L where the Lagrangian tangent space becomesvertical in some
direction. The tangent space, seen as a graph over the vertical fiber, is given by a bilinear
form which is degenerate at points of S(L) and, thanks to the optical condition, decreases
index (i.e. the dimension of the positive definite subspace increases) when following the
flow at those points. Bialy and Polterovitch refer to Viterbo (1989) who proves that tori
homol ogous to the zero section have Maslov class zero. Condition 2') now concludes: since
it is homologous to zero, the cocycle S(L) must be empty, i.e. there is no singularity in
the projection ] ;, and thetorusis agraph. The non generic case follows by making alimit
argument using uniform Lipschitz estimates for invariant tori proven by Herman (1990).

Finally, let us show how the fact that F|L is measure preserving implies Condition 2).
Assume F' is the time 1 map of an autonomous Hamiltonian system on 7T*T", L is an
invariant torusand 2 isthevolumeformon L preserved by the Hamiltonian vector field X ;.
The Homotopy Formula (see 59.7) Lx,, 2 = dix, 2 + ix,df2 impliesthat dix, {2 = 0.
Assume X g istransversal to .S, acodimension 1 cocycle homologous to zero and let C' be
an n-dimensional chain that S bounds. Transversality implies | 5 ixy 2 # 0. 0n the other
hand, Stokes' Theoremyields [ ix, 2 = [ dix, 2 = 0. This contradiction implies that
S = 0. O

Remark 35.8 Asnoted by Bialy and Polterovitch, itisnot clear that Theorem 35.7isoptimal:
Condition 2) may be unnecessary, asis the case in dimension 2. One could imagine a new
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proof of this theorem using higher dimensional trimming on Lagrangian pseudographs,
which would not need this hypothesis...

36. (Un)Stable Manifolds and Heteroclinic orbits
A. (Un)Stable Manifolds

Consider two hyperbolicfixed point z* = (g*, p*), 2** = (¢**, p**) for asymplectic twist
map F' of T*T"™. We remind the reader that the stable and unstable manifolds at any fixed
point z* are defined as:

Wi (z*) ={zeT"T" | lirf F'(z) = z"},
WU z")={zeT*'T"| lim F "(z)=2z"}

n—-+o0o

Moreover the tangent space to WW* at z* is given by the vector subspace E°(z*) of eigen-
vectors of eigenvalue of modulus less than 1, with a similar fact for W* and E“. In our
case, the differential D F' at the points z* and z** has as many eigenvalues of modulus less
than 1 asit has of modulus greater than 1. Hence the stable and unstable manifolds at these
points have both dimension n. The following appears in Tabacman (1993):

Proposition 36.1 The (un)stable manifolds of a hyperbolic fixed point for a symplectic
twist map are Lagrangian. Close to the hyperbolic fixed point, they are graphs of

the differentials of functions.

Proof. Consider a point z on the stable manifold of the hyperbolic fixed point z*, and
two vectors v, w tangent to that manifold at z. Then:

wy(v,w) = ka(z)(DFk(v),DFk(w)) — w;(0,0) = 0,as k — oo.

which, since it has dimension n in T*T", proves that the stable manifold is Lagrangian.
The same argument, using F'~*, applies to show that the unstable manifold is Lagrangian.
We leave the proof of the second statement to the reader (Exercise 36.2). O

In Exercise 36.3, thereader will show ageneralization of thisfact that makesit applicable
to exact symplectic maps (not necessarily twist) of general cotangent bundles. The exercise
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will show that the (un)stable manifolds are in fact exact Lagrangian, i.e. therestriction of
the canonical 1-form ) to the (un)stable manifolds is exact.

Exercise 36.2

b) Prove that the local (un)stable manifold of a hyperbolic fixed point z* for a symplectic
twist map F' is a graph over the zero section (Hint. use the formula for the differential
of F given in 25.5, and the twist condition det (012S5) # 0 to show that the (un)stable
subspace of DF,« cannot have a vertical vector. To do this, expend w,+ (D Fw, w) assuming
w = (0,w) and show that necessarily w = 0.)

c¢) Deduce from this that the (un)stable manifolds are graphs of differentials of functions
@, @° defined on a neighborhood of 7(z*) in the zero section.

Exercise 36.3 Let F' is an exact symplectic map (not necessarily twist) of the cotangent
bundle 7" M of some manifold: F*A — X\ = dS for some function S : M — IR (X is the
canonical 1 form on 7" M). In Appendix 1, it is shown that any Hamiltonian map is exact
symplectic, and any composition of exact symplectic map is exact symplectic.

a) Show that the (un)stable manifolds W** of a fixed point z* are exact Lagrangian
(immersed) submanifolds, i.e. A‘Ws,u = dL*" for some functions L** : W** — IR. (Hint.
Show that the integral of A over any loop on W** is 0).

b) Show that if and W is an exact Lagrangian manifold invariant under the exact sym-
plectic map F', then:

S(z) + constant = L(F(z)) — L(z), VpeW

c) Conclude that

LU(z") =Y [S(F*(") - 8(z")], L°(z°)=-)_ [S(F"(z") - S(z")].
k<0 k>0
For more on this approach, see Delshams & Ramirez-Ros (1997).

B. Variational Approach to Heteroclinic Orbits

As a consequence of Proposition 36.1, we obtain a variational approach to heteroclinic
orbits. Let z* = (q*, p*) beahyperbolic fixed point. Let #*, $° defined on aneighborhood
U* of g* be the functions whose differentials have for graphs the (un)stable manifolds of
z*. We can add appropriate constants to these functions and get #°(q¢*) = ®“(q¢*) = 0.
In the proof of Theorem 35.2, we showed that the function R(q, Q) = S(q, Q) + g(q) —
9(Q) + B(q — Q) was constant on the Lagrangian manifold Graph(dg + 3). Applying this
tog = @° or ®“, 3 = 0, we obtain

5(q,Q) = 9°(Q) — 9°(q) + constant,
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where F'(q,2°(q)) = (Q,2°(Q)) (this makes sense in a subset of U*). Applying the
equation to (g*, g*) shows that the constant is S(q*, g*). Hence

S(q,Q) - S(q",q") = 9°(Q) — 9°(q)

for apoint (g, Q) onthelocal stable manifold of z*. We now sum over the orbit (g,,, q;., )
of the point (¢, Q) = (g9, ¢,) to get:

N-1 N-1
> 15(qr, gir) = S(@" q)] = D [9°(qry1) — D°(q))] = P°(qn) — D°(qp)
k=0 k=0

AsSN — o0, ?°(qy) — P(q*) = 0 and thus the sum convergesto —®(q,):

(36.1) > 1S(qk @ri1) — S(@.q7)] = —°(q0).
k=0

Applying the same mani pul ationsto the unstable manifold, using thefact that the generating
function for F~!is—S5(Q, q), thisleads to:

Proposition 36.4 Let z* = (q*,p*),z** = (¢**,p**) be two hyperbolic fixed points
for the symplectic twist map F. Let U* and U** be neighborhoods of q* and q**
on which the differentials of the functions ®* and ®° respectively give the unstable
manifold of z* and the stable manifold of z**. Then critical points of the function

N-1

W(qp, - an) =2"(q0) + Y_ (@) qs1) —P°(ay), g €U"qy €U™
k=0

are segments of heteroclinic orbits.

Proof. Left to the reader. O
With this set-up, Tabacman (1995) shows that, in the 2 dimensional case, any two local
minima (i.e. fixed points) £ and n of ¢(z) = S(z, z) suchthat ¢(&) = ¢(n) < ¢(z) for al
x € (&,1n), arejoined by some trajectory.
Hereis a sketch of a numerical algorithm aso proposed (and used) by E. Tabacman to
find heteroclinic orbits between two given hyperbolic fixed points z*, z**:
(1) Find a basis for the unstable plane E* of DF at z*, and display the basis vectors as

columns of a2n x n matrix (g)
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(2) The matrix M = BA~! is symmetric and E* is the graph of the differential of the
quadratic form q — q* M q. Thisfunction is an approximation to $* (see 55.6.)

(3) Perform similar stepsto approximate @° at z**.

(4) Pick N (large enough) and use your favorite numerical method to search for critical
points of the function W defined above, with points g, g suitably close to z* and z**
respectively.

(5) For more precision, make g, and g 5, closer to z* and z** (resp.) and increase N .
Notethat thisalgorithm can be substantially improved by starting, using normal forms, with
an approximation of higher degree than linear for the local (un)stable manifolds (see Simo
(1990)).

C. Splitting of Separatrices and Poincaré—Melnikov Function

In Hamiltonian systems, the Poincaré—Melnikov function (actually an integral), measures
how much theintersecting stable and unstable manifol ds of two hyperbolic fixed points split.
Thiskind of function has along and rich history: Poincaré (1899) introduced it as away to
prove non-integrability in Hamiltonian systems. It has then been used to prove the existence
of chaos (transverseintersections of stable and unstable manifolds often lead to “ horseshoe”
subsystems), and to estimate the rate of diffusion of orbitsin the momentum direction. The
discrete, two dimensional casewas considered by Easton (1984), Gambaudo (1985), Glasser
& al. (1989), Delshams & Ramirez-Ros (1996). Here, following Lomeli (1997), we give a
formula for a Poincaré-Melnikov function for a higher dimensions symplectic twist map
in terms of its generating function. A more general treatment, valid in general cotangent
bundles, and which does not assume that the separatrix is a graph over the zero section, is
given in Delshams & Ramirez-Ros (1997).

Theorem 36.5 Let Fy be a symplectic twist map of T*T"™ with hyperbolic fized points
z* = (¢*,p*),z** = (g**,p*) such that a subset of W"(z*) = W*(z**) = W
containing z*,z** is the graph p = ¥(q) of a function 1 over some open set.
Let Sy be the generating function of Fy. Consider a perturbation F. of Fy with
generating function S = Sy + €51 such that S1(q*,q*,0) = S1(¢**,q¢**,0) = 0 and

Si(q,q,e) =0= < S1(q,q,¢). Then the function L : W — IR:

dal
dq lg=q~ dqlg=q**
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(36.2) L(q) = S1(qxqy41,0) where g, =70 F*(q,9(q))
keZ

is well defined and differentiable. If L is not constant then, for € small enough, the
(un)stable manifolds of the perturbed fized points of F. split. Their intersection is

transverse at nondegenerate critical points of L.

Note that, whereas the condition S;(g*, ¢*,0) = S1(¢**, ¢**,0) is essential, the fact
that their value is O is just normalization. Also, the condition on the nullity of derivatives
can be discarded (see Delshams & Ramirez-Ros (1997)).

Proof. Work in the covering space IR*" of T*T". Let ® : U ¢ R" — R and ¢) = dd
be such that Graph(v)) = W. Asin the proof of Theorem 35.2, change coordinates so
that W liesin the zero section: (g, p’) = (q,p — ¥ (q)). If Fo(q,p) = (Q, P), then, inthe
coordinates (q,p’), wehaveq = q, p' = p — ¥(q), Q' = Q, P’ = P —(Q). Thusthe
generating function becomes:

Snew(Qa Q) = Sold(q7 Q) + @(q) - QS(Q)

Notethat thefirst order term S, remainsthe same under this change of coordinates, sincewe
only added terms which are independent of <. For £ small enough, the (un)stable manifolds
W W2 of the perturbed fixed points 27, zX* (respectively) are graphs of the differentials

Y = do¥* for some functions @2-° of the base variable q. Clearly, the manifolds W2*
split for ¢ small enough whenever the following Poincaré—Melnikov function:

isnot constantly zero, and their intersection istransverseif the differential DM isinvertible
at the zeros. We will now show that:

oL

M(Q)—a—q

where L(q) is the function defined in (36.2) , expressed in our new coordinates. Formula
(36.1) givesusexpressionsfor @%°:
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B (q) = > [S=(q}(e), gk (e) — Se(q™*, q™)]

k<0

Di(q) = — ) [S:(a}(e), 4} 1 () — S=(a". q")]

k>0
where ¢} (¢) (resp g; (¢)) isthe g coordinate of F*(q, 4% (q)) (resp. of F¥(q,v%(q))). We

change the order of differentiation:

_ 9
 Oe

0 o 0

- (22(q) - 22(q)) = (92(q) — ®2(q));

M - - =
(q) e=0 8q aq 86 e=0

and compute one of these terms, using Formula (36.1) and abbreviating g}: = g} (0):

0

Oe

®(q)
e=0

9
Oe

Z [SE(QZ(&?),qZJrl(g)) _ Ss(q**,q**)}

e=0 k<o

u u 8 u u u 8 u u u
= Z {8150(qk,Qk+1)ng(0) + 0250(qy, Qk+1)$qk+1(0) + S1(qy, Qk+1)
k<0

= Zsl(quqk—f—l)»

k<0

where in the last line we took advantage of 01 50(qy, q51) = 0250(qy,qs41) = 0: these
are the p coordinates of an orbit on the zero section in our new coordinates. In the line
before thelast, thetermsinvolving S. (g**, ¢**) disappeared because of our assumption on
S, . The same computation showsthat | _ :(q) = — Y450 S1(qy, gy1)- The proof
that §= = M (q) follows. O

Remark 36.6 We have only touched the surface of a vast subject here. Once a Melnikov
function is found, one has to be able to show that it is non zero on specific examples.
This is usualy hard, even in dimension 2. Explicit computations often utilizes the fact
that, in good situations, the complexified Melnikov function (think of g as complex in the
above) is an dliptic function. As a result of such computations, one often finds (eg. for
standard like maps) that the angle of splitting of the separatricesare exponentially small in
the perturbation parameter ¢, making numerical methods inapplicable. We let the reader
consult Delshams & Ramirez-Ros (1996b), Delshams & Ramirez-Ros (1998), Glasser &
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a. (1989), Gelfriech & a. (1994). In Gelfreich (1999), a precise formula for the estimate
for the exponentia splitting of separatrices in the standard map is proven, a culmination of
years of work initiated by Lazutkin.

37.* Instability, Transport and Diffusion
A*. Some Questions About Stability

If onethinks of twist maps aslocal modelsfor symplectic maps around elliptic fixed points,
the problem of stability of these fixed pointsis directly related to the obstruction orbits of
twist maps may encounter to drifting in the vertical (momentum) direction. In dimension 2,
invariant circles obviously offer such obstructions. Three natural questions arise:

Question 1 Are the invariant circles the only obstruction for orbits of twist maps
to drift vertically? What if there are no invariant circles at all, can orbits drift to

infinity on the cylinder?

Question 2 Do the invariant tori of higher dimensional (eg. KAM) tori offer any
obstruction to the drift of orbits in the momentum direction, at least close to inte-

grable?

Question 3 How can we detect when a system does not have invariant tori?

B*. Answer to Question 1: Shadowing of Aubry-Mather Sets

Are the invariant circles the only obstruction for orbits of twist maps to drift ver-
tically? What if there are no invariant circles at all, can orbits drift to infinity on
the cylinder?

The answer is: Yesand Yes. The answer to thefirst part of the question isalready given
by Part (2) of Birkhoff’s Theorem 35.4 , which says that, in a region bounded by two
invariant circles, which contains no other invariant circle, there exist orbits going from one
circleto the other (in whichever order). Thisfact gaveriseto thethe name (Birkhoff) region
of instability for such regions.
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The answer to the second part of the question (again Yes) follows from Mather (1993)
and Hall (1989), who show that given any (infinite) sequence of Aubry-Mather sets, one can
find an orbit that shadowsit, i.e. staysat a prescribed distance from each Aubry-Mather set
for a prescribed amount of time (the transition timeis not controlled). In particul ar, for twist
maps of the cylinder without any invariant circles, there exist orbits that are unbounded on
the cylinder (take a sequence of Aubry-Mather sets going to infinity: such a sequence must
exist if the twist is bounded from below). Note that SlijepCevi€ (1999a) has recently given
aproof of these results using the gradient flow of the action methods of Chapter 3.

Another approach to instability uses partial barriers. invariant sets made of stable and
unstable manifolds of hyperbolic periodic orbits or Cantori. The theory of transport seeks
to study the rate at which points cross these barriers. This theory wasinitiated by MacK ay,
Meiss & Percival (1984). The survey Meiss(1992) is beautifully written and encompasses
the theory of twist maps of the annulus and transport theory. For other developments, see
Rom-Kedar & Wiggins (1990) and Wiggins (1990). MacK ay suggested that (the projection
in the annulus of) ghost circles could be used as partial barriers.

C*. Partial Answer to Question 2: Unbounded Orbits

Do the invariant tori of higher dimensional (eg. KAM) tori offer any obstruction
to the drift of orbits in the momentum direction, at least close to integrable?

Theanswer is: anambiguous*No”. Topologicaly, itisclear that, forn > 1,ann dimensional
torusin T*T" does not separate the space into two disjoint components. However, this does
not offer a guarantee that orbits will drift in the momentum direction, especialy in the
presence of a set of high measure of invariant tori. But right after proving his version of
the KAM theorem, Arnold (1964) gave a stunning example of a possible limitation to the
stability offered by KAM tori. This was an example of a family of Hamiltonian systems,
in which, even close to integrable where the KAM theorem implied the existence of many
invariant tori, some orbits drifted in the momentum direction. One of the fundamental
questions remained: could the mechanism of diffusion detected in the highly nongeneric
example of Arnold befound in generic systems? This paper has since generated an immense
amount of work from mathematicians and physicists. In particular, much of the recent study
of splitting of separatrices can be traced down to this paper, where chains of stable and
unstable manifolds of invariant tori of lower dimensions (“whiskered tori”) are used to



37. KAM Theory 143

construct drifting orbits. Also, as already mentioned, Nekhoroshev’s theory measures the
“exponential stickiness’ of KAM tori, which impliesthat orbits must spend avery long time
around these tori if they are caught in their neighborhood.

To my knowledge, thefirst decisive result in the direction of generic diffusion was given
by Mather, who announced a striking result for Hamiltonian systems on 7*T?: For a C"
(r > 2) generic Riemannian metric g on T and C” generic potential V periodicintime, the
classical Hamiltonian system H(g, p,t) = 3 ||p||§ + V(q,t) possesses unbounded orbits.
Mather’s proof departs from the traditional methods used in this problem. It powerfully
brings together the constrained variational methods developed in Mather (1993) , the the-
ory of minima measures of Mather (1991b) (see also Chapter 9) as well as hyperbolic
techniques. Delshams, de la Llave & Seara (2000) have given recently an alternate proof
to thisresult, using hyperbolic techniques and methods of geometric perturbation. See also
the related results of Bolotin & Treschev (1999), which use some mixture of variational
and hyperbolic methods. Finaly, delaLlave announced (Fall 1999) a generalization of this
theorem to cotangents bundles of arbitrary compact manifolds. His method uses a general -
izations of Fenichel’s theory of perturbation of normally hyperbolic sets. Interestingly, the
orbits found start at high energy levels, where the system is close to integrable. See also
Xia (1998) , for some recent developments closer to the spirit of the origina problem of
diffusion and Bessi (1996), (1997) and (1998), a series of article where the full force of
Mather’s variational techniques are used to study diffusion, including the classical case of
Arnold (1964) . Asof thiswriting, these problems are the subject of some of the most active
research in Hamiltonian dynamics.

D*. Partial Answer to Question 3: Converse KAM Theory

How can we detect when a system does not have invariant tori?

Since invariant tori have been associated to long term stability, many people have studied
the mechanisms that leads to the breaking of such tori. There is an extensive body of work
in dimension 2. A popular tool is Green’s criterium, which associates the breaking of an
invariant torus of a certain rotation number with the instability (hyperbolicity) of periodic
orbits of nearby rotation numbers. Thanks to this criterium, MacKay & Percival (1985)
showed that the standard map fi. (see Section 6) does not have any invariant circle for
k > 63/64). Boyland & Hall (1987) showsthat if thereisanon cyclically ordered periodic
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orbit of rotation number w, then there are no invariant circles of rotation number in an
interval given by the Farey neighbors of w. Mather (1986) relates the non existence of
invariant circlesto the variation of the action function on Aubry-Mather sets (see also Golé
(1992 @) for arelated result which uses the total variation of the action on ghost circles).
MacKay (1993), studies the question in great length and gives a renormalization method
that explains the universality of scaling of the gaps of Aubry-Mather sets near the breaking
point of aninvariant circle. Finaly, MacKay & al. (1989) startsthe study of converse KAM
theory in symplectic twist maps. Haro (1999) provides some more, interesting results.



