S)

PERIODIC ORBITS FOR SYMPLECTIC
TWIST MAPS OF T*T"

27. Presentation of the Results

In this Chapter, we give some results on the existence of multiple periodic orbits of different
rotation vectors for symplectic twist map of 7*T". Theintroduction in Appendix 2 of new
topological tools yields an improvement on the results of Golé (1989) and (1991), as well
as simplifications and unification in the proofs. For the sake of fluidity, some of the settings
and arguments are repeated from the two dimensional case.

A. Periodic Orbits and Rotation Vectors

Similarly to the case n = 1, apoint (g, p) € IR*" is called am, d—periodic point for the
lift 7 of amap f of T*T" if

F%(q,p) = (q+m,p)

wherem € Z" andd € Z*. The rational vector % is called the rotation vector of the
orbit of (g, p). We will say that m and d are relatively prime when d isrelatively prime
with at least one of the components of the vector m. In general, when it exists, the rotation
vector of a sequence q = {q;.}rez € (IR™)” isgiven by the limit:

_ . qi
= 1 ==,
p(a) = tim
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B. Theorems of Existence of Periodic Orbits

The maps that we consider here satisfy either one of the following assumptions of coercion
or asymptotic linearity. In both cases, we assumethat our map isacomposition of symplectic
twist maps: F' = Fy o ... o Fy, where each Fy, is the lift of a symplectic twist map of
T*T"™, with generating function S, satisfying either:

Coercion
(27.1) lim  Si(q,Q) — +©
1Q—g||—c0
or:
Asymptotic Linearity
1
Sk(q, Q) = §<Ak(Q —q),(Q —q)) + Ri(q,Q)

with:
(27.2) (a) Ay = A}, det Ap #0

N
(27.2) (b) det » AT #0

1
27.2) (c im ————= =0.
(27.2) (c) lQ—gll—o [|Q — 4|
Equivalently:

Fi(q,p) = (g + A 'p + O(a,p), p+7(q,p))
with (27.2) (a) and (b) holding for A; and:

(27.2) (¢) im 4P _ oy, Tap)

lpl—o [Pl lpl=c |||

Theorem 27.1 Let F' = Fy o...o Fy be a finite composition of symplectic twist
maps Fy, of T*T" satisfying either the convexity condition (27.1) or the asymptotic
condition (27.2). Then, for each relatively prime (m,d) € Z" x Z", F has at least
n + 1 periodic orbits of type m,d. It has at least 2™ of them when they are all

non—degenerate.
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A periodic orbit is called nondegenerate when the composition of the differential of the
map along the orbit has no eigenvalue equal to 1, see Section 29.

Outline Of The Proof. In the coercive case, we start by finding a minimum for the discrete
action function W, sum of generating functions. This minimum is given by the coercion of
S and its periodicity. The multiplicity is given by Morse-Conley theory on an adequately
chosen sublevel set {WW < C'}.

The case with the asymptotically linear condition is a relatively easy consequence of
Proposition 64.6 of Appendix 2 (first published here), which is really the technical heart
of the proof. We only have to prove that the action function W on the appropriate quotient
space of sequencesisindeed quadratic at infinity in the sense required by that proposition.

C. Comments on the Asymptotic Conditions
Coercion vs. Convexity. As in the case of dimension 2, the convexity of the generating

functionsimplies the coercion condition (27.1) . Namely:

Lemma 27.2 Let S be the generating function of a symplectic twist map satisfying

the following convexity condition:
(27.3) (8129(q, Q)v,v) < —a|v||*, Vq,Q,v e R" ke{l,...,N}.

Then S s coercive. More precisely, there are a real number o and positive real

numbers 3 and v such that:

(27.4) S(@,Q)>a-Bla—Q|+vla-Ql>.

The proof is identical to that of Proposition 40 of Chapter 2. The convexity con-
dition (27.3) can be seen directly on the map. Indeed, in Proposition 25.5, we derived
%(q,p) = —(01259(q, Q))’1 , by implicit differentiation of p = —0,.5(q, Q). The con-
vexity condition (27.3) thus trandates to:

oQ

(27.5) F(q,p) =(Q,P) and <(%)_ 'v,'v> >allv|?, VYoeR™
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uniformly in (g, p). Notethat Condition (27.5) meansthat F' has bounded, positive definite
twist. MacKay & al. (1989) imposed this condition in their definition of symplectic twist
maps, a terminology that we have taken from them. Remember that Proposition 25.3 in
Chapter 4 shows that the bounded twist condition (27.5)implies the global twist condition.

About Asymptotic Linearity. The most important feature of Condition (27.2) is that each
Ay 1S not necessarily positive definite, but only a nondegenerate symmetric matrix. In
particular, no coercion on S isassumed here and the function W will in general not have
aminimum. Thisiswhat Herman (1990) called the indefinite case.

Notethat if weset R, = 0in Sk, we obtain a quadratic generating function for alinear
symplectic twist map Ly (g, p) = (g + Ay 'p,p). Thus,if L = Ly o ... 0 Ly, condition
(27.2) implies that

dN

(27.6) L(g,p) = (g+ Ap,p) with A=> A"
k=1

and L isasymplectic twist map. Hence Condition (27.2) can be expressed as saying that F
is asymptotically linear (and asymptotically completely integrable), in that it is close to L
at oo: (27.2) (c') shows that

i 1E(@p) = Lg, )|

=0.
Ipl|—o0 Pl

We |eave it to the reader to show that the generating function and map conditionsin (27.2)
are indeed equivalent.

Example 27.3 The generalized standard map satisfies both conditions (27.4) and (27.2) .

D. History

Theresults of Theorem 27.1 have arich history, which can be traced back to the Poincaré-
Birkhoff fixed point theorem. Birkhoff & Lewis(1933) gaveaproof of existenceof infinitely
many periodic orbitsaround an elliptic fixed point of asymplectic map - which can basically
be reduced to a symplectic twist map, as we saw in Section 91. An elegant proof of the
Birkhoff-Lewis Theorem given by Moser (1977) follows the lines of the sketch of the
Poincaré-Birkhoff Theorem given in the introduction: since close to the €lliptic periodic
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orbit themap is, in polar coordinates, close to integrable, the set 1" of pointsthat only move
radially under the map F(-) — (m, 0) isagraph over the angular coordinates, for suitable
choices of m, d. Theintersection of I" with itsimage F¢(I") — (m, 0) is a set of periodic
orbits. This intersection is not empty, and can be obtained by finding critical points of an
appropriate function related to the generating function of the exact symplectic map. This
can be repeated over infinitely many m, d, where d — oc.

One of the main purposes of this book is to introduce the reader to the relatively ssimple
variational methods that are adapted to systems (discrete or continuous, see Chapter 8) not
necessarily close to integrable. Some methods were introduced for Hamiltonian systems
in the seminal article of Conley & Zehnder (1983), in which they prove the existence
of n 4+ 1 homotopically trivia (i.e. m = 0) periodic orbits for Hamiltonian systems on
T™ x IR™ which arelinear outside of a compact set. Theorem 27.1 generalizes Conley and
Zehnder’sglobal version of the Birkhoff—L ewis Theorem (see Theorems42.3and 42.2for its
Hamiltonian corollaries) intwo ways. initslinearly asymptotic condition and in the variety
of the rotation vectors. Theorem 27.1 appeared in several pieces. Kook & Meiss (1989)
gave the proof of existence in the convex case. Their proof of multiplicity was corrected
in Golé (1994), inspired by the work of Bernstein & Katok (1987), who also consider the
close-to-integrable case. The asymptotically linear case is one of the main results of the
author’s thesis (see also Golé (1991)). Note that Josellis (1994) proves, at a considerable
technical cost of analysisand topology, adlightly stronger theorem for Hamiltonian systems
(he requires less smoothness on the system).

28. Finite Dimensional Variational Setting

Let F = Fy o...o F; where each F}, isthelift of a symplectic twist map of 7*T" with
generating function Sy. The critical action principle in Chapter 4 tells us that finding orbits
of F' can be done by finding solutions of:

(28.1) 015k(Qy: Qpr1) + 2Sk—1(qr_1,qx) =0, k € Z.

The appropriate space of sequencesin which to look for solutions of (28.1) corresponding
to m, d—pointsof F'is.

X = {ge (R Qi1an = Qi + M}
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which isisomorphic to (IR™)4": theterms (q,, . . ., g, ) determine awhole sequence in

i, and wewill usethem asacoordinate system for this space. Finding a sequence satisfying
(28.1) in X, is equivalent to finding ¢ = (q4,-..,q,x) Which is acritical point for the
periodic action function:

dN—1

W@ = Y Sk(@x 1) + San(@an- a1 + ™).
k=1

In fact, the proof of the critical action principle (see Proposition 23.2 and aso Corollary
5.5) reduces in this case to the suggestive formula:

dN

(28.2) dW(q) =Y (Pr_1 — py)dgy.
k=1

Similarly to the 2 dimensional case in Chapter 3, we will search for critical points of W by
studying the gradient flow solution of

00— —vwa)

where t is an artificial time variable. Written in components, this equation is a system of
dN differential equations:

4, = = Sk(qr, Qry1) — 25k-1(qr—1, q1)

which, for C? functions S;,’s, definesalocal flow ¢! on X. Thisflowisdefinedforal ¢ € IR
whenever the second derivativesof the S’ sarebounded (asisthe casein the Standard Map):
the vector field — VIV isthen globally Lipschitz (see Lang (1983) ). But the existence of a
local flow, garanteed by the existence of the second derivatives is enough for our purpose.

We need to complicate matters some more, to take advantage of the topology induced
by the periodicity of the generating functions. Formally, this can be done by remarking that
W isinvariant under the diagonal Z" action: W o, = W, n € Z" where

Tn<q17'~->qu) :(q1+n7'-~7qu+n)'

Hence W induces a function on the quotient X X /Z". But we go one step further. We
are not satisfied with finding distinct m, d—points, but we want to make sure that different
critical points of our function W correspond to different m, d—orbits of F'. To this effect,
we note that 1V is also invariant under the N*" iterate oV of the shift map:
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(0 = qpy1-

Thisis because Sy n = Sk, and thus o permutes circularly the terms of . Hence we
can define W successively on the quotients:

X=X/r=X/Z" ad
XdéfX/UN

of X by the actions of 7,,, n € Z" and oV Since the action of oV on critical sequences
corresponds to the action of F' on points of T*T", distinct critical points of W on X
correspond to distinct orbits of £'. The following lemma, dueto Bernstein & Katok (1987),
describes the topology of the different spaces:

Lemma 28.1 The quotient maps: X - X and X — X are covering maps , and thus
s0 is X — X. The space X is homeomorphic to T™ x (IR™)N=1 whereas X is a
(not always trivial) fiber bundle with base T™ and fiber (IR™)N 1,

Proof. We make the change of variables:
| N
q = AN ;%
Vp =4qp —qp —m/dN, ke{l,...,dN -1}
and think of g as the base coordinate and v as the fiber. In these coordinates:
™n(q,v) = (g +n,v)

dN—1

m

0(q,U1,--->UdN—1)= Q+d—N77727---7de—17_ Zl (2
]:

o™ (q,v) = (g +m,v)

(the reader should verify this...) From the first equality, we get:
X =X/Z" ~T" x (R")™N -1,

The map o induces a d—periodic, fixed point free diffeomorphism on X, and thus taking
the quotient of X by oV gives again a covering map. Finally, these coordinates show that
X = X/o isafiber bundle over (IR"/Z")/™Z ~ T". O
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29. Second Variation and Nondegenerate Periodic Orbits

In this section, we show arelationship between the second derivative of 1/ and the spectrum
of the differential of the map along a periodic orbit which will help us detect nondegenerate
orbits variationally. We will delve more on this relationship in Section 33.

Second Variation vs. Dynamical Type. Suppose F' = Fy o ... o F} where each F} isa
symplectic twist map and let W be defined as before.

Proposition 29.1 The eigenvalues of the differential DFZ at a m,d periodic point
z are in 1 to 1 correspondence with the the values A € IR such that the following

matriz M () is degenerate:

SIN + 81, Si, 0o ... 0 +54N
S Sy +5% S3, - 0
M()\) = 0 Sty :
: 0
0 0 SNt
ASEN 0 ... 0 SdN-1 gdN=1 gdN

where each entries represents an n X n matriz, which we have abbreviated:

SZ’ = 0i;Sk(aqy, Qrs1)-

Proof. Supposethat (g,,p;) = z isanm, d point for F'. We want to solve the equation:
(29.1) DF%(v) = \v

withv € T(T*T").. We follow MacKay & Meiss (1983): If g corresponds to the orbit of
z under the the successive F}.’s, it must satisfy:
oW (q)
oqy,

= 02Sk-1(q1_1,q;) + 015k(qy., @i 1) = 0.

Therefore, a“tangent orbit” /g must satisfy:
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(29.2) S5 0q,_y + (ST + 5551 )6q, + Sthdgy,, =0

When g correspondsto a periodic point (g, p; ), Equation (29.1) translates, in terms of
the dq, to:

(29.3) 0qqn 1 = A0q,

Clearly, equations (29.2) , (29.3) can be put in matrix form as M (\)dg = 0 where M ()
is the matrix advertised in the proposition, which finishes the proof. O

Remark 29.2 This rather physical argument can be given a more mathematical footing.
Consider the following:

T*IR™ = {((Q17P1)> s (N Pan) € (T*]Rn)dN | Fi(qy, py) = (qk+17pk+1>}
~ (g c (R")™* | VW (@) =0,k = 1,...,dN — 1}

Thefirst homeomorphism is between points in the space and their orbit segments of agiven
length, the second is given by the correspondence between orbit segmentsand critical points
of the action. If one expresses a parameterization of an element of 7'(7*IR") with the first
representation, one gets the orbit of a tangent vector under the differentials of the F.’s. If
one uses the second identification , one gets (29.2) .

Nondegenerate Periodic Orbits. As an immediate consequence of Proposition 29.1, we
have the second variation criterium for degenerate periodic orbits:

Definition 29.3 A periodic point z of period d for a symplectic twist map F' is called
nondegenerateif D¢ hasno eigenvalue 1. A periodic orbit iscalled nondegenerateif one,
and therefore al of its points are nondegenerate.

Lemma 29.4 An m,d periodic point is nondegenerate for F if and only if the critical

point of W to which it corresponds is nondegenerate.

Lemma 29.2 provesin particular that the condition “all m, d orbits are nondegenerate”
is equivalent to “WW is a Morse function” (i.e. afunction all of whose critical points are
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nondegenerate, see Appendix 2). The following proposition shows that both properties are
true for generic symplectic twist maps.

Proposition 29.5 For generic symplectic twist maps , all periodic orbits are nonde-

generate and hence all the periodic action functions W are simultaneously Morse.

Proof. Weremindthereader that aproperty isgeneric onatopological spaceif it satisfied
onaresidual set of that space, i.e. acountableintersection of open and dense sets. Robinson
(1970), in his theorem 1Bi, proves that the set of C'* symplectic maps with nondegenerate
periodic pointsisresidual inthe space of all C* symplectic maps. He proceeds by induction
on the period d of the points!!). We want to adapt his proof to the space of C'! symplectic
twist maps . First note that, since the twist condition is open, this space is an open set in
the space of C'! exact symplectic maps. The only thing that we have to check, therefore, is
that the perturbations that Robinson uses to remove degeneracy transform exact symplectic
maps into exact symplectic maps. But thisis not hard to check: each of these perturbations
is given by composing the original map f with the time one map of the hamiltonian flow
associated to a bump function in asmall neighborhood of a given periodic point. Hence the
perturbed map is the composition of the original exact symplectic map with the time 1 map
of a Hamiltonian, also exact symplectic by Theorem 59.7. The composition of two exact
symplectic maps being exact symplectic, we are done. O

30. The Coercive Case

The standing assumption in thissectionisthat F' = Fiy o. ..o F; where F}, isasymplectic
twist map with generating function S, satisfying the coercion condition:

Corollary 30.1 Let F satisfy the coercion condition (27.1) . Then, for each relatively
prime, m,d, there is a minimum for the corresponding periodic action function W

and hence an m,d—point for F.

'1C.Robinson actually deals with higher order resonances as well, i.e, roots of unity in the
spectrum of szd.
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Proof. ldentical to that of Proposition 11.1. O

We have thus found at least one m, d—orbit corresponding to a minimum of W. The
reader should be aware that, unlike the 1 degree of freedom case, this does not imply that
the orbit is a global minimizer (see Herman (1990) and Arnaud (1989)). We now turn to
the multiplicity of orbits. Remember that X isabundleover T" . Let X = T" beits zero
section. Let K > supgcx, W(q) . Trivialy, we have:

ScwKkYGgeX | W< K}

Notethat since W is proper, for almost every K, WX isacompact manifold with boundary,

by Sard’'s Theorem. From this we get the commutative diagram in homology:

H.(Y) b H,(X)

(30.1) AN S g
H,(WE)

where i, j, k are all inclusion maps. But k£, = Id since X’ and X have the same homotopy
type. Hence i, must be injective. If all the m, d—points are nondegenerate, W is a Morse
function (a generic situation by Proposition 29.5) and according to Morse Theory (see
Section 61 in Appendix 2) WX has the homotopy type of a finite CW complex, with one
cell of dimension & for each critical point of index & in W¥. In particular, we have the
following Morse inequalities:

#{critical points of index k} > by

where by, is the kth Betti number of WX In the present case b, > () since H,(T") —
H,(WX). Hence there are at least }_;'_, (}}) = 2 critical points in this nondegenerate
case. If W isnot aMorse function, rewrite the diagram (30.1), but in cohomology, reversing
the arrows and raising the stars. Since k* = Id, j* must be injective this time. We know
that the cup length cl(X) = cl(T"™) = n + 1. By definition, this means that there are
n cohomology classes as, ..., a, in HY(X) such that a; U ... U a,, # 0. Since j* is
injective, j*a; U ... U j*a, # 0 and thus cI(WE) > n + 1. WE being compact, and
strictly forward invariant under the gradient flow, we can apply Lyusternik-Schnirelman
theory whichimpliesthat W hasat least n + 1 critical pointsin W (The proof of Theorem
1in CH.2 Section 19 of Dubrovin & a. (1987) , which is for compact manifolds without
boundaries can easily be adapted to this case.) O
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31. Asymptotically Linear Systems

In this section we swap the coercion condition (27.1) for asymptotic linearity of the map
(27.2). Inthis case, the periodic action function W does not necessarily have any minimum.
The topologica tool we use here is Proposition 64.6. We roughly sketch the content and
philosophy of this proposition in the next section.

We remind the reader of our assumption (27.2) : F' = Fy o...o F} isaproduct of lifts
of symplectic twist maps of 7*T". The generating function Sy, of Fj, satisfies:

S(@.@) = 5(4(Q — 4), (@ - @) + Ru(a, Q)

with:

N
1

l@-al—o [Q—ql
Weview Ry, asa global perturbation term. As beforewe let Ly (g, p) = (¢ + A, 'p, p)
andL =Lyo...oL;.Then L(q,p) = (q + Ap, p) with A = Zjlv A,;l. It iscrucial to
note that, because of the conditions on the determinants of A;, and 3" A;', L and dl the
L;’s are completely integrable symplectic twist maps .
As before, we are looking for critical points of:

dN dN dN
_ 1
W(q) = Z Sk(ak, Q1) = Z 2 <Ak<qk+1 — i), (qpg1 — Qk)>+z Ri (g1, Gr41)-
k=1 k=1 k=1

whereq € Xie, din+1 = g, +m. Thefirst sumintheright hand sideisthe (quadratic)
action function for the integrable symplectic twist map L defined above. We change coor-
dinates¥ : (qq,...,q9,nv_1) — (g, v) asin Section 28:

1 dN
q:d—Nzl:qk
Vp =Qqypp1 — g —m/dN, kec{l,...,dN —1}.

In these coordinates, W is of the form:

W(qav> = Q(v)-l—av-l—b—l—R(q,v)
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where R = ZfN R;, o ¥, Q isahomogeneous quadratic function and a, b are constant
vectors. Thefunction W, (v) = Q(v) +a- v+ bcomesupwhilereplacing g, , — g, by
v +m/dN inthe quadratic part of TW. Thus W}, isthe action function of the integrable
map L in our new coordinates.

Postponing the proof that Q(v) isnondegenerate, we conclude the proof of the theorem.
Themaps 7,, (n € Z"), and ¢ introduced in Section 28 all map fiber to fiber diffeomor-
phically and linearly in the trivia bundie X — IR™ with projection (g, v) — gq. Hence
Q(q,v) = Q(v), which is quadratic nondegenerate in the fibers, induces in the quotient
X of X afunction Q which is also quadratic nondegenerate in the fibers of the bundle
X — T". Findly, it is easy to see that the asymptotic condition on R; given in (27.2)
implies that:

1

3 1 OR
lv|| dv

(W—Q):m (8—v+a> -0 a ||v|| — o0
in X and hence dlso in its guotient X. Hence W isagpqi, in the sense of Proposition 64.6
which provides the estimates advertised and concludes the proof of Theorem 27.1.

We now turn to the proof that, given the assumption (27.2) , Q(v) isnondegenerate. The
reader could work the linear algebra out directly. We prefer to give a dynamical argument
which might enlighten usabit about thelinear asymptotic condition. Weneed to show that the
quadraticform Q haszerokernel. Thisistrueif and only if thelinear equationdQ(v)+a = 0
has a unique solution. Now, m, d orbits of L are in one to one correspondence with critical
points of Wy, in i i.e. solutions of the following linear equations:

ow,,
(31.1) og V) =0
dO(v)+a =0

Since W, does not depend on q, the first equation is always satisfied. Since the second
eguation does not depend on q either, one solution of this equation yields exactly an n-
dimensional plane of solutionsof theform (g, v*), for afixed v*. Wenow show dynamically
that the set of solution of Equations (31.1) isindeed n dimensional, thereby proving that
the second equation has a unique solution. The solutions of (31.1) in X arein one to one
correspondencewiththem, d pointsof themap L. Since L isalinear, completely integrable
symplectic twist map , these orbits form an n dimensional plane parallel to the O section of
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T*T"™. Since the generating function of L is quadratic and the above change of coordinate
¥ isaffine, this plane corresponds 1-1 to an n-plane of critical pointsof W (q,v)inX. O

32. Ghost Tori

On the Topological Part of the Proof of Theorem 27.1. In the proof of Theorem 27.1,
we invoked a topological “black box”, Proposition 64.6. This proposition says that, if a
function W isasymptotically quadratic (in aprecise sense) on afiber bundle over acompact
manifold M (thebundleis X and themanifoldis M = T" here), then the number of critical
point of the function 1 is regimented by the conomology of M. We now try in aparagraph
to peal the successive layersthat constitute the proof of Proposition 64.6 in order to extract
the gist of the ideas, and motivate the concept of ghost torus. Please see Appendix 2 for the
rigorous definitions of the concepts and for the proofs of the following statements.

Thefinal layer in the proof of Proposition 64.6 (in the proof of the proposition itself and
in the proof of Proposition 64.1) consists, through changes of variables, in coming back to
the simpler situation of Proposition 62.4. This latter proposition investigates the gradient
flow of afunction which has an isolating block B of the form:

L
=) s = -

M 0 Do D

Fig. 32.0. The isolating neighborhood in Proposition 62.4.

Here, D*, D~ are homeomorphic to disks of some euclidean spaces. The picture sug-
gests that the flow leaves the boundary of the block in either positive or negative time. The
proof of Proposition 62.4 uncovers (via Lemma 63.4) a relationship between the topology
of the largest invariant set (12 G for the gradient flow in B and the manifold /. More

12This set is often denoted by I instead of G in Appendix 2.
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precisely, one proves the existence of an injection H*(M) — H*(G). Thisaway to say
that the set GG is at least as topologically complex as the manifold M.

Ghost Tori. Asroughly explained in the previous paragraph, the topological part of the
proof of Theorem 27.1 brings about the existence of an invariant set G for the gradient flow
of the action function W on X. We call this set G a ghost torus, because it livesin the
nether world of sequences (vs. the “real” world T*T" where the dynamics takes place) and
has atopology at |east as complex asthat of thetorus: H*(T") — H*(G). Looking alittle
more closely at the proof of Proposition 64.6, one would see that GG is in fact made of all
the bounded orbits of the gradient flow of 17 in X. Aswe did with ghost circlesin Chapter
3, we can indeed think of the ghost tori as the ghosts of the tori of 7*T" invariant under
a completely integrable symplectic twist map L. Indeed, the L-invariant torus of rotation
vector m /d has ahomeomorphic counterpart in the set X of sequences, namely, the critical
sequences corresponding to the periodic this torusisfilled with. This torus of critical point
is the ghost torus of rotation vector m /d for L: it is easy to see that the gradient flow has
no other bounded orbits.

What are the ghost tori good for? My hope when | introduced the concept in Golé
(1989) was to prove the existence of irrational ghost tori, and thus a generalization of the
Aubry-Mather Theorem. Indeed, the only ghost tori whose existence we can secure for all
symplectic twist maps (at this point, and to my knowledge) are those in periodic, m, d-
sequence spaces. This prompted my investigation of the dimension 2 casein Golé (1992 a),
where the existence of ghost circles of all rotation number wasindeed proven. Ghost circles
turned out to be very useful in ordering Aubry-Mather sets aswell, see Chapter 3. [Beware
that the notion of ghost circle is actually more restrictive than that of ghost torus: a ghost
circle may miss some bounded orbits for the gradient flow in a given X and be a proper
subset of the ghost torus of a particular rotation number].

Unfortunately, two of the main tools that make things work in the dimension 2 case
are the monotonicity of the flow with respect to the natural order on numerical sequences,
and the notion of cyclic order. These two notions break down in higher dimension, and my
attempt to find irrational ghost tori by other means (eg. proving some regularity of subsets
of ghost tori and taking limits, or using Conley continuation in appropriate Banach spaces)
have been unsuccessful. At thispoint, | am rather pessimistic that such a program could be
carried out.
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On the other hand, the construction and point of view ghost tori are based on are,
for those who know it, very reminiscent of that of Floer Cohomology, where the set of
loops of bounded action is used to construct the Floer Cohomology complex. Indeed, the
variational/topological theory involved in this chapter and in Chapter 8 could be interpreted
as adiscrete version of Floer's theory for cotangent bundles (13). | hope it could be put to
some of the use Floer’s Theory has. It isinteresting to note, for instance, that Floer’s theory
has concentrated on homotopically trivial periodic orbits —which is not the case here.

33. Hyperbolicity vs. Action Minimizers

Dynamical Types of Periodic Orbits. We now return to the connection between the dy-
namical type of aperiodic orbit and the spectrum of Hessian of the action along that orbit,
which we started investigating in Section 29. For more detail, the reader is urged to consult
MacKay & Meiss (1983) and Kook & Meiss (1989).

In Section 56 of Appendix 1, it is shown that the dynamics of alinear symplectic map
around the origin in IR*", which is a fixed point for such a map, are determined by the
spectrum of the map. This spectrum has the special property that if A isan eigenvalue, than
so are 1/A, X and 1/). As a consequence, IR*" can be decomposed in even dimensional
eigenspaces of 3 flavors: éliptic (corresponding to pairs of conjugate eigenvalues on the
unit circle), parabolic (double eigenvalues 1 or -1), and hyperbolic (either real pairs A, 1/
or complex quadruplets (X, 1/A, X, 1/X)). The origin is stable only if it is an elliptic fixed
point (or parabolic, if there are as many eigenvectors as the multiplicity of the eigenvalue
+1). We can now apply this stability analysis to periodic orbits of symplectic twist maps,
by considering the spectrum of DFY, where N isthe period. There is obviously aloss of
control when taking this step. Hyperbolicity of thedifferential at aperiodic orbit impliesthat
of the map itself (by the Hartmann-Grobman theorem, see Robinson (1994)), so instability
persists when passing from linear to nonlinear. On the other hand stability does not neces-
sarily survive. Indeed, in the elliptic case, stability cannot be guaranteed while perturbing
alinear ssimplectic map, except in dimension 2, when a certain, generic, twist condition is
satisified (Moser (1973) , Theorem 2.11). This is because KAM theory (see Chapter 6),

3Floer’s theory originally took place on compact manifolds. See Cielieback (1992) for a
cotangent bundle version of Floer’s theory.
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which guarantees stability in dimension 2, does not anymore in higher dimensions (an n
dimensional torus does not separate 7*T", unlessn = 2. However, these invariant tori can
be “ sticky” and provide long term stability. At any rate, knowing the linear type of the orbit
gives agood amount of information about the dynamics around this orbit.

Hyperbolicity vs. Minimization: The Periodic Case. If A1,1/A1,..., A\, 1/, are the
eigenvalues of alinear symplectic map 7', a convenient way to track down stability iswith
the traces pi = A\x + 1/\x and residues Ry, = (2 — py). Indeed, it is not hard to see that
the origin is stable only when the traces are real and fall in [—2, 2], or the residues are real
andin [0, 1]. Moreover the characteristic polynomial can be neatly expressed in terms of the
traces(use 1/ A (A — A\)(1/ A — A) = p — pr):

n

(33.1) det (T — AId) = X" T[] (p — px)-
k=1
We now look back at the matrix M () introduced in Section 29:
SgY + St Sia 0 ... 0 +54N
S S+ St Sty 0
M\ = 0 Sta :
; 0
0 . 0 SNt
ASHY 0 o 0 SN gdNTh 4 gdN

We showed in Section 29 that the eigenvaluesof T' = DF(;‘*] are exactly the solutions of the
equation det M (A) = 0. Hence we must have

(33.2) det M(A\) =C [](p— pr)
k=1

for some constant C. It isnot too hard to seethat C' isin fact the product of the determinants
of (minus) the superdiagonal blocks: C' = Hfj:_ll det (—S%,), which, if we assume the
convexity condition (27.4) of Lemma 27.2, or just the ordinary positive twist condition for
the dimension 2 case, happens to be positive. Finally, we set A = 1in (33.2) . In this case,
notethat M (1) = HessW(q,), p — pr = 4R}, and we obtain:

ﬁRk _ (1)” det HessW(q,)
k=1

- — _
4 k:ll det (_sz)
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Inthetwist map casen = 1, thereisonly oneresidue R;, whichisnegativeif HessW(q,)
is positive definite. This gives the following, due to MacKay & Meiss (1983):

Theorem 33.1 (MacKay & Meiss) Let z. be a periodic point for a positive twist map of
the cylinder, corresponding to a critical sequence q,. Then, if q, is a nondegenerate

local minimum for the periodic action, the orbit of z, s hyperbolic.

The Infinite Orbit Case. It is interesting to note that Theorem 33.1 has counterexamples
in higher dimensions (see Arnaud (1989), where open sets of maps with no hyperbolic
fixed points are found arbitrarily close to an integrable map, even though the action does
have aminimum). However thereis a higher dimensional result, dueto Aubry et. a. (1991)
which relates hyperbalicity to a stronger form of minimization of arbitrary orbits. Given a
stationary infinite configuration q for asymplectictwist mapon 7*T" (i.e. the g coordinate
of a(not necessarily periodic) orbit of the map), the Hessian of W asthefollowing infinite
matrix, similar to M (1):

Bo a1 B

b ax [
HessW(q) = B2 as
. Bq—l

with:

ar = 0225(qx_1,qy) + 0115(qy, Qk+1)> Br = 0125(q)—1,qx)-
If g isalocal minimizer, i.e. minimizes W locally on any finite segment, then the spectrum
of HessW (x) ispositive (here HessW is seen as an operator on “variation” sequencesin
12, i.e. those sequences y such that 3~ [|yx||> < co). We say that ¢ has a phonon gap if
moreover Spec(HessW(q)) € [a,00), a > 0. Aninvariant set has a phonon gap « if each
of the orbits it contains does, and if their phonon gaps are al greater or equal to a.

Theorem 33.2 (Aubry—Baesens—MacKay) Let A be a closed invariant set for a sym-

plectic twist map of R®*™ and A’ be the associated set of critical sequences for W.
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Suppose that 0125(qy,, Qk+1)» (3125)_1(%7 Qk+1)a 0115(qy,, Qk—H) and 9225(qy, Qk+1)
are all bounded for q € A",k € Z. Then A is uniformly hyperbolic if and only if A

has a phonon gap.

Concluding Remarks. 1) We have not talked about the different types of bifurcations that
govern the changes of periodic orbits from one type to another. We refer to Kook & Meiss
(1989) and thereferencestherein for moreinformation about thisvast and i nteresting subject.
2) The above theorems are related to a general principle, first unveiled by Morse in Rie-
mannian geometry. In that context, Morse (see Milnor (1969) ) revealed a tie between
the index of the second derivative of the action of a segment of geodesic and the number
of conjugate points this segment has. In terms of more general Lagrangian systems, this
number can be formulated as a certain rotation index (the Maslov index) of Lagrangian
subspaces under the differential of the flow along an orbit segment (see Duistermaat (1976),
Conley & Zehnder (1984) ). If the orbit is hyperbolic, the Lagrangian tangent subspace can
be chosen to be the unstable manifold. It would be interesting to cast the above theoremsin
a symplectic setting, using the invariance under symplectic reduction of the Maslov index
from the manifold graph(dW) to that of graph(F™).



